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Abstract
In this paper, it is shown that non-reciprocity can be observed in time-varying media without em-
ploying spatio-temporal modulated permittivities. We show that by using only two one dimensional
Fabry-Perot slabs with time-periodic permittivities having quadrature phase difference, it is possible to
achieve considerable non-reciprocity in transmission at the incidence frequency. To analyze such sce-
nario,generalized transfer matrices are introduced to find the wave amplitudes of all harmonics in all
space. The results are verified by in-house FDTD simulations. Moreover, in order to have a simple model
of such time-varying slab resonators, a time-perturbed coupled mode theory is developed for multiple
resonances, and it is shown that the results obtained by this method and the analytical method are in
excellent agreement..
1 Introduction
Electromagnetic wave propagation in time-varying media has gained considerable research attention in recent
years, owing to the promises it delivers for various applications. A chief promise is achieving non-reciprocity
without using magnetic materials. At microwave frequencies, such non-reciprocity may yield alternative
solutions to existing components such as isolators [1, 2, 3, 4], gyrators, and circulators [4]. Non-reciprocity
in silicon photonics using time-varying methods was first proposed theoretically in [5] and was implemented
in a silicon chip [6]. Other applications such as frequency combs [7, 8, 9] and time-varying metasurfaces
[10, 11, 12, 13, 14] are also introduced by using time-varying refractive indices.
In microwave transmission lines, non-reciprocity can be achieved by using a line capacitance which is
modulated with both space and time dependency [1, 2] and this modulation has a propagating wave function,
i.e. C(z, t) = C(Ωt − βz). Similarly, in order to achieve non-reciprocity in a bulk medium, it is common to
use a permittivity function with both spatial and temporal modulation [3, 15, 16, 17]. In such work, it is
typically assumed that such spatio-temporal modulated permittivities can be achieved by sending a travelling
acoustic wave through the medium, although this is hard to actually implement in practice due to the partial
reflections of the acoustic wave from boundaries. In silicon chips [6], the spatio-temporal modulation of the
refractive index is achieved by discrete changes in space. A primary goal of this paper is to propose a method
to achieve non-reciprocity for wave propagation in a 1D medium without modulating permittivities in space,
but only in time.
In this work, we show that two 1D Fabry Perot slab resonators, which are only time modulated but
are uniform spatially, can indeed result in significant non-reciprocity. This point is demonstrated by using a
general solution based on transfer matrices [18] for finding the wave amplitudes in each FP slab. This method
is based on Floquet-Bloch theorem and field matching at boundaries. To have a better understanding
of the underlying physics of time-varying FP resonators, a simple model for a medium consisting of one
or more time-varying FP slabs is proposed based on temporal coupled mode theory (TCMT) [19]. We
phenomenologically perturb the TCMT of time-invariant resonators to find the behavior of resonators with
time-varying permittivities (for both single mode and multi-mode resonators). It will be shown that the
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results of both the analytical solution (transfer matrices) and the perturbed TCMT method virtually overlap.
Finally, it is demonstrated that by using only two same-sized FP slabs placed at a specific distance from each
other whose permittivities are sinusoidally modulated in time with a quadrature phase difference, a noticeable
level of non-reciprocity can be achieved at the incidence frequency. It should be noted that achieving non-
reciprocity in the harmonics of a time-modulated structure might be easier, but at the incidence frequency
(zeroth harmonic) is a much challenging and desirable result. Such interesting results are validated by using
in-house FDTD simulations.
2 Single Time-Varying Fabry-Perot Slab
In this section, the transmission of normal incident wave on a single FP slab whose permittivity changes
periodically with time is analyzed. This problem has already been solved in [20], where Floquet-Bloch
theorem and field matching at boundaries was employed to solve the problem. However, the solution was
limited to a single slab, and no general solution was suggested that could handle multiple slabs or layers with
different permittivity values.
In Appendix A, we outline a generalized transfer matrix method that can yield the wave amplitudes of all
generated harmonics allover the space for normal wave incident on multiple slabs whose permittivities changes
periodically in time with frequency Ω (Fig. (1)). By considering a forward incident wave in the first layer
at frequency ω and using Floquet-Bloch theorem, we can write the field in the incidence layer as Ez(x, t) =
ej(ωt−β0x) +
+N∑
n=−N
Rne
j((ω+nΩ)t+βnx) + c.c. and in the last layer as Ez(x, t) =
+N∑
n=−N
Tne
j((ω+nΩ)t−αnx) + c.c.,
where Rn and Tn are unknown reflection and transmission coefficients of generated harmonics that can be
determined by using the following equation:[
T(2N+1)×1
0(2N+1)×1
]
=
{
M∏
i=0
Q(M−i)→(M+1−i)
}[
I(2N+1)×1
R(2N+1)×1
]
(1)
where T, R, and I are the column vectors of transmission coefficients, reflection coefficients, and incident
wave, respectively, and Qi→i+1 is the transfer matrix that relates the field amplitudes of ith layer to (i+1)th
layer. The elements of the transfer matrices are introduced in more detail in Appendix A. The interested
reader can investigate that the proposed formulation can accurately reproduce the results of [20]; however,
we do not bring the results here for the sake of brevity.
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Figure 1: Normal incidence on multiple time varying slabs.
The formulation presented provides accurate results in terms of the transmitted and reflected waves and
harmonics of a time-varying FP slab (Fig. 2a). However, it does not provide much insight in to the physics
of the structure and the resonance phenomenon taking place. Thus, we try to model the behavior of the
time-varying (TV) slab using TCMT (Fig. 2b). Here, we consider a sinusoidal time-varying permittivity,
i.e. εr,2(t) = εr,2 + ∆ε2 cos(Ωt). To this end, first the transmission and reflection from a FP slab with
∆ε2 = 0 (time-invariant permittivity) is found using TCMT. Subsequently, the formulation is perturbed
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Figure 2: (a) Normal incidence on a time varying slab and (b) the model used for TCMT.
phenomenologically to account for the transmission and reflection from a slab with ∆ε2 6= 0 (TV slab). In
both mentioned cases, we assume that modulation frequency (Ω) is known.
A FP resonator has infinite number of resonance modes. However, in the vicinity of a specific resonance,
one can model it with the resonance of a single mode resonator. The TCMT relations for a single mode
resonator can be written as [19]:
da
dt
=
(
jω0 − 1
τ
)
a+ (〈κ|∗) |S+〉 (2a)
|S−〉 = C |S+〉+ a |κ〉 (2b)
where ω0 is the resonance frequency, τ is the lifetime of the resonance, |κ〉 is the vector of the coupling
factors exchanging energy between resonator and outside, C is the matrix that couples the input power from
the ports directly to the output ports, and |a|2 is proportional to the energy of the resonator. The relations
of these parameters in more details can be found in [19].
Here, due to similarity between the FP resonator and a direct coupled resonator, we consider that the
matrix C is an identity matrix. This resonator has two physical ports; hence, all column vectors are 2 × 1,
and all matrices are 2× 2. One can easily show that S−2 (transmission) can be calculated as:
S−2
S+1
= ±|κ1|
√
2/τ − |κ1|2
j(ω − ω0) + 1/τ (3)
where we have used the fact that |κ1|2 + |κ2|2 = 2/τ , and the ± is related to the parity of the mode. For a
case of εr,1 = εr,3 = 1 in Fig. 2a (media on right and left of the slab being the same) then |κ1| = |κ2| =
√
1/τ .
Thus the two unknown coefficients of Eq. (3) (τ and ω0) can be found from the result of analytical solution
presented earlier. The resonance frequency (ω0) is the frequency at which transmission reaches its maximum
3
(in this case becomes 1), and τ can be found from the full width at half maximum of the transmission
frequency response.
For example, for a FP slab with Ωc0 d = 3.3 × 0.2/
√
16 whose background permittivity is εr = 16, the
analytical solution and the fitted one by using Eq. (3) can be seen in Fig. 3. This figure is plotted versus
incidence frequency divided by Ω to make it dimensionless. As it is apparent from this figure, both solutions
virtually overlap, which means that the proposed solution using TCMT is is accurately modeling the resonance
behavior.
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Figure 3: TCMT fitted solution for a single time-invariant slab.
Having found the TCMT model for the static resonator, we then need to find the transmission of wave
through the time-varying FP slab. This is achieved by adding perturbation terms to Eq. (2). We postulate
that by using a time-varying permittivity in the slab resonator, its resonance frequency and the coupling
coefficients will change (ever so slightly) due to the small changes in permittivity. Because the perturbation
varies periodically with time (with frequency Ω), a periodic perturbation (with three terms) is considered as
follows for both the complex resonance frequency (αn terms) and the coupling coefficients (χn terms):
da
dt
=
(
jω0 − 1
τ
+
+1∑
n=−1
αne
jnΩt
)
a+
(
κ1 +
+1∑
n=−1
χ(1)n e
jnΩt
)
S+1 (4)
For a wave incident on port 1 at frequency ω, we can consider S+1 = e
jωt. As a result, the solution of this
equation should have the following form:
a =
+1∑
n=−1
ane
j(ω+nΩ)t (5)
Equation (4) may therefore be written in phasor form as:
(W0 −∆W) (|a0〉+ |δa〉) =
∣∣∣κ0(1)〉+ ∣∣∣δκ(1)〉 (6)
where ∣∣∣κ0(1)〉 = [ 0 κ1 0 ]T∣∣∣δκ(1)〉 = [ χ(1)+1 χ0(1) χ(1)−1 ]T
W0,(n,m) = {j(ω − ω0 + (2− n)Ω) + 1/τ} δnm
∆W(n,m) = αm−n
(7)
where (|a0〉 + |δa〉) is now a vector containing energy amplitudes of the different time-harmonics of the
resonator. By writing the solution of the Eq. (4) in the form of Eq. (6), we have also divided it into
4
two parts: the unperturbed (|a0〉) and the perturbation (|δa〉). The main reason for doing this is to avoid
inverting matrices such as ∆W which are approximately full. The unperturbed solution is:
|a0〉 = W−10
∣∣∣κ0(1)〉 = [ 0 κ1j(ω−ω0)+1/τ 0 ]T (8)
Equation (5) can also be further approximated as |δa〉 ' W−10 ∆W |a0〉 + W−10 |δκ〉, where second order
perturbation terms are discarded (i.e. assuming ∆W |δa〉 ' 0)
The perturbed form of transmission can then be written as:
S−2
S+1
=
(
κ2 +
+1∑
n=−1
χ(2)
n
ejnΩt
)
+1∑
n=−1
ane
j(ω+nΩ)t (9)
By using this equation, transmission at the incident and (±1) harmonics (ω ± Ω) can be written as:
S−2
S+1
∣∣∣∣
ω
=
(κ1 + χ
(1)
0
)(κ2 + χ
(2)
0
)
j(ω − ω0) + 1/τ +
χ(2)−1 χ
(1)
+1
j(ω − ω0 + Ω) + 1/τ +
χ(1)−1 χ
(2)
+1
j(ω − ω0 − Ω) + 1/τ
(10a)
S−2
S+1
∣∣∣∣
ω+Ω
=
χ(2)
+1
(
κ1 + χ
(1)
0
)
j(ω − ω0) + 1/τ +
χ(1)
+1
(
κ2 + χ
(2)
0
)
j(ω − ω0 + Ω) + 1/τ (10b)
S−2
S+1
∣∣∣∣
ω−Ω
=
χ(2)−1
(
κ1 + χ
(1)
0
)
j(ω − ω0) + 1/τ +
χ(1)−1
(
κ2 + χ
(2)
0
)
j(ω − ω0 − Ω) + 1/τ (10c)
Two scenarios may be envisioned based on the symmetry of the structure, i.e. whether εr,1 = εr,3 or not.
In the following, we investigate the possibility of achieving non-reciprocity in both cases.
2.1 Parity Symmetric Structure
For a parity symmetric scenario (εr,1 = εr,3), the coupling factors to the two ports and their perturbations
are equal, thus κ1 = κ2 = κ = ±j
√
1/τ and χ
(1)
n = χ
(2)
n = χn. It is evident from Eq. (10) and its similar
equation for S−1 /S
+
2 , that they are equal and thus we always have reciprocity, as expected. Equation (10)
will have two fitting terms (χ0 and χ+1χ−1), which can be easily found by fitting to the analytical results.
For example, for a sinusoidal permittivity of εr,2(t) = 16 + 0.075 cos(Ωt), the analytical and fitted solutions
are plotted in Fig. 4. As it can be seen in this figure, both solutions virtually overlap. In addition, to show
that this is a valid fitting, the transmission of the (+1) harmonic at ω + Ω is also calculated from Eq. (10b)
by using the fitting parameters that were obtained from fitting the zeroth harmonic (Eq. (10a)). The result
can be seen in Fig. 5, where both the fitted solution and the analytical results overlap.
78.7 78.8 78.9 79 79.1 79.2 79.30
0.5
1
|T
|2
 
 
0.2ω
Ω
78.7 78.8 78.9 79 79.1 79.2 79.3−5
−4
−3
−2
−1
6
T
 
 
0.2ω
Ω
Analytical Solution
CMT Fitted Solution
Analytical Solution
CMT Fitted Solution
Figure 4: TCMT fitted solution for transmission of incident frequency from a time-varying slab versus
incidence frequency.
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Figure 5: TCMT fitted solution for transmission of (+1) harmonic from a time-varying slab versus incidence
frequency.
2.2 Parity Asymmetric Structure
Although one might expect that non-reciprocity can be achieved by breaking the parity-symmetry, the
numerical study of the problem shows that a single time varying FP slab resonator never shows non-reciprocity
at the incident frequency, i.e. the zeroth time harmonic. Thanks to the TCMT, this point can be justified
by using Eq. (10a). Reciprocity in transmission, which is tantamount to the equation remaining unchanged
by substituting 1 for 2 and vise versa, enforces us to have
χ(1)
+1
χ
(1)
−1
=
χ(2)
+1
χ
(2)
−1
. The fact that this condition is always
met is not unexpected because the ratio of red-shifted and blue-shifted power injected to the resonator does
not change by reversing the parity of the structure.
It should be however noted that non-reciprocity can be observed for the ±1 harmonics (ω ± Ω) in the
asymmetrical structure. This can be explained by using Eqs. (10b) and (10c). If this medium was reciprocal
at ±1 harmonics, we should have χ
(1)
+1
χ
(2)
+1
=
χ(1)−1
χ
(2)
−1
=
χ(1)
0
+κ1
χ
(2)
0 +κ2
. We argued that the first equality is accepted due
to the reciprocity at the incidence frequency; however, the second equality cannot be true, because it means
that the ratio of the perturbed κs of the two ports is equal to the ratio of the ±1 perturbation terms of the
two ports, which is counterintuitive.
For example, for a FP slab with Ωc0 d = 3.3/
√
16, we assign the permittivities as εr,1 = 1, εr,2 = 16,
εr,3 = 8, and ∆ε2 = 4. The transmission at the zeroth, +1, and −1 harmonics can be seen in Fig. (6), where
reciprocity at the incidence frequency and non-reciprocity at ±1 harmonics are evident
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Figure 6: Transmission from right to left (solid blue line) and left to right (dashed red line) at (a) incident
frequency (ω), (b) +1 harmonic (ω + Ω), and (c) -1 harmonic (ω − Ω).
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3 Two Cascaded Fabry-Perot Slabs
In this part, we consider that two FP slabs with the same thickness are placed at a specific distance from
each other (Fig. 7). We consider the relative permittivities of both slabs as εr,1/2(t) = εr+∆ε cos(Ωt+ϕ1/2).
In the case that ∆ε = 0 (we assume that Ω is known), based on the distance of these slabs from each other
and their thickness, the transmission versus incident frequency can have different plots. Generally speaking,
the resonances that can be seen in such medium are due to two factors: the resonances of the slabs, which
is theoretically at ωΩ =
pi
Ω
c0
d
√
εr
, and the resonance of the medium between the slabs, which is FP like and
theoretically at ωΩ =
pi
Ω
c0
∆L
.
1( )tε
0ε
1x
y
2x 3x
d
x
2( )tε
d L∆
0ε
0ε
1n=−
0n =
1n=+
1n=−
0n =
1n=+
Figure 7: Normal incidence on two identical slabs which have a distance from each other.
The transmission can be achieved by using TCMT. Here, we choose the thickness of the slabs and the
distance between them as Ωc0 d = 3.3× 0.162/
√
εr and
Ω
c0
∆L = 3.3× 0.162/8, respectively, and εr = 16. The
transmission of wave from such medium using the analytical method is presented in Fig. 8 in solid blue line.
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Figure 8: Fitted solution for two time-invariant slabs.
When two identical resonators are coupled, two modes are formed in the overall system having even
and odd symmetries with a red and blue shift from the original resonance frequencies. Our coupled FP
slabs also support two orthogonal modes with opposite parity symmetries whose complex frequencies are(
0.162ω
Ω
)
mode
= 48.58±0.081−j0.081 (these frequencies can be determined by using the conventional transfer
matrix method [18]). The spatial field distribution of the modes at these frequencies are presented in the
Figs. 9a and 9b.
Using the theory of multi-mode resonators [21], we can write the TCMT of a two-mode resonator as
follows:
d
dt
|a〉2×1 = (jΩ− Γ)2×2 |a〉+ KT |S+〉2×1 (11a)
|S−〉2×1 = C2×2 |S+〉+ K2×2 |a〉 (11b)
where Ω is now a matrix of the resonance frequencies, Γ is the matrix of the decaying constants, K is the
matrix that couples the incident waves to modes, and C is the matrix that couples incident waves to reflected
7
(a)
(b)
Figure 9: Field distribution of modes at (a)
(
0.162ω
Ω
)
mode
= 48.58 + 0.081 − j0.081 (b) ( 0.162ωΩ )mode =
48.58− 0.081− j0.081.
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waves directly. Note that now |a〉 is a 2× 1 vector containing the energy amplitudes of the two modes, and
thus the need for the tensor representation of Ω, Γ, and K. The relations between matrices in this equation
are described elaborately in [21]. We have:
Ω(n,m) = {ω0 + (−2n+ 3)∆ω0} δnm
Γ(n,m) = γδmn
K = j
[
+
√
γ +
√
γ
+
√
γ −√γ
] (12)
As the resonators are direct coupled, C is the identity matrix. The transmission is therefore:
S−2
S+1
=
γ
j(ω − ω0 −∆ω0) + γ −
γ
j(ω − ω0 + ∆ω0) + γ (13)
By considering ω0 as the original resonance frequency of the single slab and ∆ω0 as half the splitting frequency
(Fig. 8), this function has one fitting parameter, γ, which can be determined easily. It can be seen that
both the analytical and the TCMT method virtually overlap in Fig. 8, where the fitted solution is plotted
in dashed red line.
Having found the TCMT relations of the two direct coupled FP slab resonators for the static structure,
i.e. ∆ε = 0, we aim to find the TCMT model for their time-varying version, i.e. ∆ε 6= 0. The procedure is
similar to that of the single slab, and the coupling matrix (K) and the frequency matrix (jΩ−Γ) should be
perturbed with a time-periodic perturbation (with three terms for each element of the matrices).
Following similar procedure for perturbing Eq. (11), we have
d
dt
|a〉 = (jΩ− Γ + W(t)) |a〉+ (K + D(t))T |S+〉 (14a)
|S−〉 = C |S+〉+ (K + D(t)) |a〉 (14b)
where
W(t)(i,j) =
+1∑
n=−1
α(i,j)n e
+jnΩt
D(t)(i,j) =
+1∑
n=−1
χ(i,j)n e
+jnΩt
|a〉(i,1) =
+1∑
n=−1
a(i)n e
+jn(ω+nΩ)t
(15)
Equation (14a) can be written in phasor form as:
(W0 −∆W) (|a0〉+ |δa〉) = |d〉+ |δd〉 (16)
where
W0 =
[
W
(1,1)
3×3 03×3
03×3 W
(2,2)
3×3
]
,W
(1,1)/(2,2)
(n,m) = {j (ω − ω0 ∓∆ω0 + (2− n)Ω) + γ} δnm
∆W =
[
∆W
(1,1)
3×3 ∆W
(1,2)
3×3
∆W
(2,1)
3×3 ∆W
(2,2)
3×3
]
,∆W
(i,j)
(n,m) = α
(i,j)
m−n
|d〉 = [0,K(1,1), 0, 0,K(1,2), 0]
|δd〉 =
[
χ+1
(1,1), χ0
(1,1), χ−1(1,1), χ+1(1,2), χ1(1,2), χ−1(1,2)
]
(17)
In writing this equation, again we divided |a〉 into two terms to avoid inversing full matrices. The unper-
turbed solution can be written as |a0〉 = W0−1 |d〉. Once more, we ignore the term ∆W|δa〉 to find an
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approximate solution for |δa〉. By substituting |a〉 = |a0〉+ |δa〉 into Eq. (14b) and performing some alge-
braic manipulations, the transmission at the incidence frequency, the −1 harmonic, and the +1 harmonic
can be found respectively as:
S−2
S+1
∣∣∣∣
ω
= T0 +
+1∑
n=−1
{
zn
j (ω − ω0 −∆ω0 + nΩ) + γ +
wn
j (ω − ω0 + ∆ω0 + nΩ) + γ
}
(18a)
S−2
S+1
∣∣∣∣
ω−Ω
=
0∑
n=−1
{
z(−1)
n
j (ω − ω0 −∆ω0 + nΩ) + γ +
w(−1)
n
j (ω − ω0 + ∆ω0 + nΩ) + γ
}
(18b)
S−2
S+1
∣∣∣∣
ω+Ω
=
+1∑
n=0
{
z(+1)
n
j (ω − ω0 −∆ω0 + nΩ) + γ +
w(+1)
n
j (ω − ω0 + ∆ω0 + nΩ) + γ
}
(18c)
where zn and wn are unknown coefficients to be fitted, and T0 is the transmission which was determined in
Eq. (13). It is worth noting that we have simplified the final expression in Eq. (18). In fact, each of the zn
and wn consists of many perturbation terms; however, we consider their total contribution as a single complex
number. These unknown parameters can be calculated from the transmission response obtained from the
analytical method at the frequencies of the denominators of Eq. (18). These values provide six complex
numbers, which are sufficient for finding the six unknown complex parameters. For the previous example, we
first consider the permittivty of slabs as εr = 16, ∆εr = 0.075, and ϕ1 = ϕ2 = 0 and a modulation frequency
which is equal to the splitting frequency, i.e. Ω = 2∆ω0. The transmission at the incident frequency is
plotted in Fig. 10, at which the accuracy of the result is acceptable. It should also be noted that for the
analytical method we have considered sufficient number of harmonics, so the result has converged. It can be
seen here that although both slabs are time-varying, one does not achieve non-reciprocity due to the spatial
symmetry of the structure. In what follows, we demonstrate an interesting case of non-reciprocity with a
similar structure.
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Figure 10: Fitted solution for two time-varying slabs, which are sinusoidally modulated with zero phase
difference.
4 Non-reciprocity with Two Cascaded Time-Varying Quadrature
Phase Fabry-Perot Slabs
It is shown in many articles that a spatio-temporal modulated permittivity can provide non-reciprocity at
the incident frequency [16, 17, 10, 5, 13, 4, 14, 3, 2, 1], meaning that the incident wave can pass the structure
from one side without losing any power in the central frequency, but it will be blocked when it is incident
from the other side. Nevertheless, this method of modulation is hard to be implemented because of partial
reflections of the modulating wave at boundaries, so a pure traveling wave modulation cannot be obtained.
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Table 1: Fitting parameters
Left to Right Right to Left
w0 ∼ 0.01∠−154◦ ∼ 0.053∠−150◦
z0 ∼ 0.01∠−26◦ ∼ 0.053∠−30◦
w1 ∼ 0.0012∠140◦ ∼ 0
z1 ∼ 0.0012∠40◦ ∼ 0
Here, it will be shown that non-reciprocity can be achieved by using two time-varying FP slabs, where neither
of them has any spatial modulation, and only exhibits temporal modulation.
In our previous example of two slabs, we can achieve non-reciprocity by allowing a phase difference
between the permittivity functions of the two slabs, i.e. ϕ1 6= ϕ2. Based on our observations, the best choice
for this phase difference is quadrature phase, i.e. ϕ1 = 0 and ϕ2 = pi/2. Again, let us consider the modulation
frequency to be equal to the splitting frequency, i.e. Ω = 2∆ω0. The transmission versus incidence frequency
from right and left can be seen in Fig. 11, where non-reciprocity is now clearly evident even at the incidence
frequency (zeroth harmonic).
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Figure 11: Fitted solution for two time-varying slabs, which are sinusoidally modulated with pi/2 phase
difference.
Based on the perturbed TCMT which was derived in the previous section (Eq. (18)), a reason for such
non-reciprocity can be provided. By using the stated procedure for fitting, the fitting parameters are obtained
as in Table 1.
The fitted solution for transmission from left to right and right to left can be seen in the Figs. 12 and 13,
and an acceptable overlap can be observed between the two methods. As it can be seen from the Table 1, we
have wn = −z∗n . Furthermore, it can be observed that |w1| ' |z1| ' 0, which can be expected, because the
time varying part of the permittivity has a very small amplitude in comparison to the background permittivity,
i.e. 0.075/16 ' 0.5%; as a result, higher orders of perturbation terms have negligible levels. Nevertheless,
there is a great difference between z0, w0 for left to right and right to left transmission, which can account
for the difference in their transmission. In other words, from left to right transmission (ϕ = 0 → pi/2 ) the
perturbation terms do not play an important role, while they become significant for the right to the left
transmission (ϕ = pi/2→ 0 ).
We can achieve significant non-reciprocity with our simple structure at hand, i.e. transmission of approx-
imately 1 from one side to another and approximately 0 for the reverse direction in the incident frequency.
For two slabs with ∆ε = 0 (Ω is again known), Ωc0 d = 3.3/
√
16, and Ωc0 ∆L = 3.3/3, the transmission can be
seen in Fig. 14 (obtained using the analytical method). In this figure, three adjacent resonances can be seen,
which are due to the fact that the resonance frequency of the medium between two slabs coincides with the
resonance frequency of the FP slabs, i.e. m pid√εr = n
pi
∆L for {m,n} ∈ N.
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Figure 12: Fitted solution for two time-varying slabs, which are sinusoidally modulated with pi/2 phase
difference, left to right transmission.
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Figure 13: Fitted solution for two time-varying slabs, which are sinusoidally modulated with pi/2 phase
difference, right to left transmission.
Now, for achieving a noticeable non-reciprocity, we consider the modulation frequency to be what is shown
in the Fig. 14. By doing so, and having a pi/2 phase difference between two time varying parts of left and
right slabs (their amplitude is 0.075), the transmission from the right to the left and vice versa can be seen
in Fig. 15, where a noticeable non-reciprocity is observed. A TCMT fitted solution can also be provided;
however, it would require developing the formulation for a 5-mode resonator, which makes the solution very
complicated.
190 191 192 193 194 195 196 197 198 199 2000
0.5
1
|T
|2
ω
Ω
190 191 192 193 194 195 196 197 198 199 200−4
−2
0
2
4
6
T
ω
Ω
Ω
Figure 14: Transmission from two time-invariant slabs with Ωc0 d = 3.3/
√
16 and Ωc0 ∆L = 3.3/3.
To verify that the observed non-reciprocity is indeed valid, we developed an in-house FDTD code for
validation. Consider the previous example with a higher modulation amplitude (0.075 changed to 4) in order
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Figure 15: Transmission from two time-varying slabs with Ωc0 d = 3.3/
√
16 and Ωc0 ∆L = 3.3/3, which have a
pi/2 phase difference.
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Figure 16: (a) Left to right and (b) right to left transmission from two time-varying slabs with Ωc0 d = 3.3/
√
16,
Ω
c0
∆L = 3.3/3, and modulation amplitudes equal to 4. Analytical solution is in solid blue line, and FDTD
solution is in red squares.
to observe non-reciprocity in lower frequencies (and thus reduce FDTD simulation time). The left to right
and right to left transmission versus harmonic numbers at ωΩ = 3.86 can be seen in the Figs. 16a and 16b,
respectively, where the analytical solution is in solid blue line, and the FDTD solution is in red squares.
The considerable overlap of the numerical results and the analytical results validates the presence of large
non-reciprocity in such scenario.
5 Conclusion
It was demonstrated that significant non-reciprocity can be achieved by using only two equal-sized FP slab
resonators whose permittivity functions only have a sinusoidal temporal dependency, but with a quadrature
phase difference, and our results were validated using in-house FDTD code. In our proposed method, the
time varying media do not require spatial modulation, i.e. propagating-wave modulations of permittivity
are not used, which is a great advantage over existing methods. To find the forward and backward wave
amplitudes (at all harmonics) due to a wave incident on multiple time-varying slabs, a generalized transfer
matrix method was proposed, which can be used for normal incidence. In addition, to have a simple model
of the medium (for finding transmission and reflection), a time-perturbed temporal coupled mode theory is
developed, which can explain the behavior of a single time-varying slab, as well as time-perturbed formulation
of multi-mode resonators is proposed to explain the behavior of multiple time-varying slabs. It is shown that
both the analytical and the latter method virtually overlap.
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Appendix A: Generalized Transfer Matrix Method
Here, we try to find a general solution for wave propagation in a 1D medium with multiple slabs whose
permittivities have arbitrary periodic functions of time with the same modulation frequency (Fig. 1). By
starting from Maxwell’s Equations in a 1D medium, we can write:
∂Hy
∂x
=
∂Dz
∂t
(A1a)
∂Ez
∂x
= µ0
∂Hy
∂t
(A1b)
By using Floquet-Bloch theorem in time, we can write Ez(x, t) =
∑
n
Ez,n(x)e
j(ω+nΩ)t + c.c., whereat ω is
the frequency of the incident wave. The same method can be used for Hy(x, t). By inserting the fields in the
Eq. (A1) and doing some algebraic manipulations, one can write:
∂Hy,n(x)
∂x
= jε0
∑
m
ε(n−m)(x)(ω + nΩ)Ez,m(x) (A2a)
∂Ez,n(x)
∂x
= jµ0(ω + nΩ)Hy,n(x) (A2b)
where we have considered a Fourier series (in time) for relative permittivity in the form of εr(x, t) =∑
n
εn(x)e
jnΩt. This equation can be written in each section, Because the permittivity does not change with
x for xi < x < xi+1. By introducing the following variables:
EN = (Ez,N , ..., Ez,0, ..., Ez,−N )
T
HN = (Hy,N , ...,Hy,0, ...,Hy,−N )
T
(A3)
the Eq. (A2) can be written in the following form:
∂
∂ξ(x)
[
EN
HN
]
i
= Wi
[
EN
HN
]
i
=
[ ∅ WE,i
WH,i ∅
] [
EN
HN
]
i
(A4)
where the subscript i indicates that the fields are related to the xi < x < xi+1 and
ξ(x) =
Ω
c0
x
WE,i,(n,m) = jη0(
ω
Ω
+ n)δnm
WH,i,(n,m) =
j
η0
εi,(n−m)(
ω
Ω
+ n)
(A5)
Now, because Wi is independent of x for xi < x < xi+1, the Eq. (A4) has a solution based on its eigenvalues
and eigenvectors: [
EN
HN
]
i
=
+N∑
m=−N
c±m,iV
±
m,ie
∓λm,i(ξ(x)−ξ(xi)) (A6)
where Vm,i, λm,i, and cm,i are the mth eigenvector, eigenvalue, and unknown coefficient, respectively, which
are related to xi < x < xi+1. Because of the special form of the matrix W, if λm,i be an eigenvalue, −λm,i is
an eigenvalue as well (the proof is straightforward). In addition, ± signs correspond to a backward/backward
wave, and eigenvalues are pure imaginary because of the normal incidence. Now, to determine unknown
coefficients, continuity of transverse fields at each boundary (x = xi,i+1) can be used for all sections. By
14
doing some algebraic manipulations, one can easily receive in:[
T
0
]
=
{
M∏
i=0
Q(M−i)→(M+1−i)
}[
C+(0)
R
]
[
C+(i+1)
C−(i+1)
]
= Qi→i+1
[
C+(i)
C−(i)
]
Qi→i+1 =
[
V+(i+1)|V−(i+1)
]−1 [
V+(i)|V−(i)
] [ X(i) 0
0 X−1
(i)
] (A7)
where Qi→i+1 is the generalized transfer matrix, C±(i) is the column vector of forward/backward waves in the
ith section, and
X(i),(m,n) = e
−λ(i),(N+1−n)d(i)δm,n
V±(i) =
[
V±+N,(i), ...,V
±
0,(i), ...,V
±
−N,(i)
] (A8)
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